For any incompressible fluid whose stress is a frame indifferent function of the velocity gradient and the material time derivative of the velocity gradient, i.e., for any Rivlin-Ericksen fluid of complexity 2, we show that thermodynamics implies that the first normal stress difference of viscometric flows must be nonpositive for small enough shearings unless a certain very special degeneracy occurs. More precisely, we show that the Clausius-Duhem inequality, together with the postulate that the Helmholtz free energy has a minimum in equilibrium, suffices to ensure that, except for a very special subclass, every Rivlin-Ericksen fluid of complexity 2 hasa negative first normal stress difference for all small enough shearings in any viscometric flow. Our results significantly extend a similar analysis given by Dunn and Fosdick in 1974 for those special Rivlin-Ericksen fluids of complexity 2 known as second grade fluids. In addition, they direct attention at a new class of complexity 2 fluids that have been little explored by theorists or experimenters. Furthermore, we study in detail the implications of our thermodynamic postulates for a certain subclass of these complexity 2 fluids that is more general than either second grade fluids or generalized Newtonian fluids. We find that for the fluids in this class the first normal stress difference may change sign as the shearing changes, and we find an interesting linkage between such sign alterations and potential local instabilities in the flow field. Finally, we examine the global stability of the rest state for our fluids and show that if the free energy has a strict, gobal minimum in equilibrium, then our fluids are better behaved than any Navier-Stokes fluid, since not only does the kinetic energy of any disturbance decay in mean but so too does a certain positive definite function of the stretching tensor.
INTRODUCTION
In the last 30 years many fluid models have been introduced in an effort to describe the response of liquids not adequately modeled by the Navier-Stokes theory of incompressible fluids. While we are interested here in a much broader class of rna terials, we begin by recalling that one of the most oft used of these non-Newtonian fluid models has been the incompressible fluid of second grade, for which the stress T is given by (1) where the constitutively indeterminate spherical stress -pI is due to incompressibility, A 1 and A 2 are the first two Rivlin-Ericksen tensors, and, as indicated, the viscosity Jl and the two normal stress moduli (111 and (112 may depend on the temperature (). The form (1) was obtained for a special class of flows (now known as steady, viscometric flows) by Criminale, Ericksen, and Filbey! as the most general one possible for all Rivlin-Ericksen fluids of differential type (with IJ-, (111, and (112 depending possibly also on the trace of At). Later, in work that is often taken as justifying the use of (1) in all flows for a special class of materials, Coleman and No1l2 showed that for simple fluids with a certian type of "fading memory," (1) emerges for any flow after the truncation of terms of order greater than 2 in a flow retardation parameter-just as, they showed, the Navier-Stokes fluid" emerges after the truncation of terms of order greater than 1.
Over the last 20 years rheologists have collected a rather large body of experimental data frequently organized, in essence, on the assumption that the liquid within their devices satisfied Eq. (1) exactly, at least for the particular flow (almost always viscometric) they wish to study. Under this assumption they have inferred from their data that for the liquids they study ( Dunn and Fosdick.s however, studied the thermodynamics and stability of fluids of second grade, i.e., of materials that satisfy Eq. (1) in all flows (as does, for instance, the Navier-Stokes fluid"), and found that for Eq. (1) to be compatible with commonly accepted thermodynamic principles the negation of Eqs. (2) must maintain; that is, one must have is satisfied or not; in particular, they show that whenever Eqs. (2) holds none of the above flows of the model (1) will ever decay to the rest state.
We take the above outlined mismatch between theory and experiment as demonstrating that the experimenters are not in fact dealing with a second grade fluid. The question then arises: To which mathematical class do the particular liquids of the experimenters belong? Or, less specifically: Which mathematical classes of materials admit of the data found by experimenters? What we show here is that unless a certain very interesting "degeneracy" occurs, thermodynamics seems to preclude any Rivlin-Ericksen fluid of complexity 2 (see Section 2) from being compatible with the usual data of rheologists. That is, barring a certain degeneracy, even if we replace (1) with the much more general hypothesis that T = -pI + '1'(0, g, AI, A z ), (4) where g is the temperature gradient and where '1' is an arbitrary, frame indifferent function, the experimental data that leads to Eqs. (2) will be incompatible with Eq. (4) if Eq. (4) satisfies the principles of thermodynamics. To describe this degeneracy and this incompatibility more precisely, recall that as a consequence of its frame indif- 
for any fluid of complexity 2 which both satisfies the "reduced dissipation inequality" (shown in ref. 3 to be a consequence of the Clausius-Duhem inequality) and has a local minimum for its Helmholtz free energy 'It at the rest state. Thus, thermodynamics tells us that only those complexity 2 fluids with the "degeneracy" al(l}, 0,0, .) == ot may be looked to model at all shearings K those liquids possessing an everywhere non-negative first normal stress difference. This not only at once strikes down second grade fluids with their constant material moduli, but also directs our attention toward a very broad subclass of complexity 2 fluids that has been little looked at by experimenters or theorists.
Our results depend on a simple, explicit, and delicate linkage necessitated by thermodynamics between the response functions for stress and free energy in any complexity 2 fluid. This linkage, like its earlier, less general form found in ref. 3 , seems to have extremely interesting physical and mathematical implications. Because of this and because of the historical interest in the form of (1) , in Section 3 we take up in detail the thermodynamics of those complexity 2 fluids for which
* The "second normal stress difference" N2 is then just <TI' t As our Eq. (16) makes clear, the Helmholtz free energy f will have a strict minimum at the rest state if Eq. (5) is strict, while if (;:\(11. 0, 0,,) vanishes, then the necessary conditions for this minimum devolve onto higher-order derivatives of f with respect to AI' We do not examine these higher-order conditions in any generality here but it should be noted that the fluids of Sections 3 and 4 certainly admit the simultaneous vanishing of (''l(B, 0, 0,,) and minimization off at the rest state. (7) where jL(., .j, a1(-, '), and a2(',') may be arbitrary isotropic functions of 0 and AI' Such fluids are easily seen to admit of arbitrary shear thinning and/or thickening of their viscosity and of normal stress moduli that, as experiments show, vary greatly with the shear rate K. More particularly, the class of fluids (6) is broad enough to include "generalized Newtonian fluids" [6] [7] [8] (for which 0'1 ==°== 0'2, while /.l is a nonconstant function of IAd 2 ) which have been used not only as a special model of non-Newtonian fluid behavior but have also been used to model dilute suspensions.v-?" Indeed, the data on suspensions reviewed by Jeffrey and Acrivos'? constitutes a compelling case for a nontrivial dependence of /.l on AI; additionally, while Jeffrey and Acrivos report data only for u, they suggest that neither 0'1 nor 0'2 need be zero.
We show that for the model (6) (8,.) that change sign on [0, 00) and/or have at(0,0) = O. In addition, while it is no longer true that at + 0'2 must vanish, we find that thermodynamics implies for certain subfamilies of (6) 
for certain classes of ever-increasing stretching paths At = At(r), IA 1 (-r) ! --. a> as T -+ 00.
In Section 4 we examine the dynamic mechanical stability of the rest state for the fluids described by Eq. (6) by considering the temporal evolution of flows inside a fixed, rigid container fl to the walls of which the fluid adheres. Even though our problem is highly non- (6) for which (7) is not an identity are better behaved physically and analytically than Navier-Stokes fluids since for them not only does lvl decay in mean but so too does a certain non-negative function of IAll.
Finally, we remark that although we do not examine here the thermal stability of the fluids (6) , the general analysis in Section 4 of ref.
3 is easily particularized to these fluids. 
of L, and p is a constitutively indeterminate pressure reflecting the a priori constraint of incompressibility. If we let IR + denote the positive real numbers, V denote a three-dimensional inner product space, and T, TO, and T~denote, respectively, the set of tensors, traceless tensors, and traceless, symmetric tensors over V, then we have that (J 6 IR+, g 6 V, L E TO, and L 6 TO. * Thus, the domain ofthe response functions~,'I',and q is IR+ X V X TO X TO, on which we will initially suppose them to be continuously differentiable.
• That L and, hence. L must be in TO is a consequence of incompressibility since the trace of L is just the divergence of v. (8) and (9) are the starting point of the current work.
We see that if we set g = L =°in Eq. (9b) then p~d(), 0)· L::5°for all t, E TO and hence
If we now return to Eq. (9b), setg = 0, and replace L with xL, we find 
Pif;LL((
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where we have supposed that if; (8,.) shows that the character of this stationary point (maximum, minimum, or saddle) for the free energy is completely governed by the response function for the stress through the form
assuming that this form does not vanish identically. Moreover, Eq.
(Ll.a) also tells us that the form (12) must be linear in L.
In addition to the thermodynamic restrictions, Eqs. (10) (8, 0 , At. .)) is T~+ (1/3)(trAr)l. We further note that if we adopt the usual normalization that l' be traceless then, by Eq. (Bb), the negative mean stress and the "hydrostatic" pressure p will coincide and moreover, by Eq. (13), ao will then by uniquely determined by the ai, i = 1, 2, ... ,7.
* We remark that additional terms must be added to the right-hand side of Eq, (13) to obtain the general, frame indifferent representation of 1'(0, g, L, 1'.)when g "'"O. See, in particular, the study by Wang. l1 We also note that the problem of determining the continuity and smoothness of the functions Ii and 0<; in terms of the continuity and smoothness of l' (and so, of 1') is currently unsolved. Here we adopt the usual practice of postulating whatever degree of smoothness we require of jl and the ai. In fact, with the exception of Eq. (11b), it suffices for our analyses that they be continuous. for all tensors A 2 6 T2, the domain or aice, 0,0, .). Furthermore, the Helmholtz free energy must satisfy 
If one adopts the standard thermodynamic belief that the Helmholtz free energy should be a minimum in equilibrium (i.e., when L = 0), our theorem then tells us that it is impossible for al(e, 0, 0, .) = alee, 0, 0, 0) to ever be negative for any realistic fluid of complexity 2. Furthermore, it is then clear from our discussion in the Introduction that if the first normal stress difference N 1 is to be positive for all small enough shearings then the only possible behavior for al is aI (8, Proof: Ifwe put L = O in Eqs. (13) and (14) we find that
for any L 6 TO and where now ai =ai(e, 0, 0, L + L T) for i =0, 1, and 3. It thus follows that the form (12) is given by
for any Land L in TO, and, as we have seen, this expression must be linear in L. In particular then we must have 1
for any number x and any two tensors M and N in T~. Equivalently, we see that
for any number x~0, for any two tensors Nand M in T~, and where P = P(N2) == N2 -lf3(trN2)l is the projection of N2 E T; onto T~. Now select any NET? for which N is not parallel to P(N2); that is, by the lemma below, select any NET?, with three distinct eigenvalues and let We see that
where the inequality is just the Cauchy-Schwarz inequality for the nonparallel tensors Nand P. If we enter these choices for Nand M into Eq. (19) we thus find that
for any number x~°and for any N E T~with three distinct eigenvalues. But any element N E T~may be reached as a limit of a sequence in T~, each term of which has three distinct eigenvalues and so, by the continuity of at(O. 0, a. '), we have shown that (20) for any number x~0 and any tensor N E T~. Upon letting x-+-o and again invoking continuity, we see that Eq. (15a) holds.
If we now return to Eq. (19) and use Eq. (20) and take M = P(N2)(~°if N~0) we find that Proof: The result is trivial for N = 0 so we first suppose that N rf oand is parallel to P(N2). In this case P(N2) = AN for some number Aand thus N2 -(1/3)(trN2)1 = AN or, in terms ofthe eigenvalues ni, i = 1,2,3, of N, n; -1/3trN2 = Ani.
We thus find that n; -nJ = A(ni -nj) for any i and j and that, therefore, n; + nj = A foranyi and j with n, rf nj. Now suppose that, say, nl rf n3andnl rf n2, then nl + n3 = A = nl + n2 so n3 = n2 and two eigenvalues of N are equal. In Section 3 we shall see that the reduced dissipation inequality, Eq. (9b), implies further restrictions on the forms of;P and l' for a certain subclass of complexity 2 fluids. Before turning to these additional restrictions we collect some simple observations that follow from our general analysis above.
DUNN
First, we recall that in addition to the representation formula (13) for the stress, the principle of frame indifference also implies" that the response function ;"'(0,.) is of the form
where Al is as in Eq. (14a) and where ;j;(0, .) is an isotropic tensor function on T~. As a consequence of Eqs, (13) Second, if we apply the identity
.L, we find that the stress power at
where we have used Eq. (Lla) and where we have defined the "viscosity tensor" We see then that thermodynamics permits &1 and if; to depend on only the magnitude of Al and that, moreover, the dependence of if; on IAll is completely determined by that of al' The result of (24c) is particularly interesting since it tells us that for the fluids considered here al may indeed take on negative values and still have a free energy which is a minimum in equilibrium-it is not necessary that a l itself always be positive, only the integral of al (8, . ) need be positive. We also note that (24c) implies that (25) while if (25) is strict, then (24c) is also strict on some interval (0, E),
So little is known about the deformation response of the free energy for nonclassical fluids, it is perhaps of interest to note yet another simple consequence of Eq. (24b).
Let MET? -101 be a point where f(lJ, .) has a local minimum (maximum); thus {Jt(0. 
) crosses the~axis determine the nonzero tensors for which f(O,.) is stationary and if (). al~0 at such a crossing then the stationary value of f(O,.) is a minimum (maximum) for an increasing (decreasing)
crossing. This suggests that the fluids examined here admit of a mechanism for the successive interlacing of locally stable and locally unstable classes of stretchings (1/2) Al and, if Eq. (24c) holds for all Z E [0, "'), the first such class on nonzero stretchings will necessarily be locally unstable, i.e., will render flO, .) a local maximum. Interesting possible connections with the problem of turbulence are thus brought to mind but we do not pursue these matters here. 
IM(T)I is constant and whereM(T) == (d/dT)M(T). Weconclude then that~[O, M(T)]
is constant so, as claimed, on Wand so, in particular,
for all (x,y) in W with Since ld8, AI) = a2(1I, IAd 2, trAY), we see that we are requiring that~2(1I, AI) $ h(6, -AI) for every Al 6 T2 with exactly two nonpositive eigenvalues, i.e., each uniaxial elongation Al is to yield a value of a2 no larger than that yielded by the uniaxial contraction -AI.
SECTION 4: ASYMPTOTIC MECHANICAL STABILITY
Suppose we now enclose one of the fluids of Section 3 in a rigid container Q which, up to time t = 0, we shake in an arbitrary fashion and then hold fixed for all t~O. Assuming that the Helmholtz free 6 W, x 'l"-0, this limit condition means that x (T) -00 with T and that Iy(T) I must grow with T at a rate larger than x (T) and less than or equal to (1/v'6) [vfx, t)1 2 and energy has a weak global minimum at the rest state, we now formulate rather mild hypotheses on the response functions for Jl, al, and C<' 2 sufficient to ensure the decay to zero as t -+ 00 of the positive definite functional of the velocity field v(·, .) given by
where, by Eq. (14a), A 1(x, t) == grad v(x, t) + grad v(x, t) T. Thus, even though the stress-deformaton response of our fluid is highly nonlinear, we see that its rest state is strongly stable in that any initial disturbance necessarily evolves over time in such a way that both Before starting the analysis we eliminate the temperature Bfrom our considerations-it will then appear as essentially a parameter-by either supposing that the temperature field is uniform over Q and In either case all of the results and restrictions of Section 3 will then apply to the response functions of the fluid throughout its motion in Q on [0, (0) and (see below) we will have that (dldt) 
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Therefore, if for t~0 we suppose that the fluid adheres to the stationary walls of the container Q and that b is derivable from a potential, then we have that
dt JfI. 2 JfI.
We see next that, by Eqs. (22) and (14) the stress power is given by YEI(x) where lex) = lYllyl ::5 (l/y'6) X 3/ 2} and jL(O, " '), alee, " '), anda2(O,',.),definedonthewedge w= Ux~olxl XI(x),areas in (29) and (30). It may be shown that 0(0, .) is continuous as well as, by (30), non-negative and it is easily seen that (38) (see lemma A.I of the Appendix). The first of these conditions is just a strengthening of the thermodynamic requirement (30) while the second condition is, in essence, a growth requirement at co on 0(.), i.e., o(x) must go to infinity with x at least as fast as some straight line GNX, aN> O. Moreover, it may be shown that the above two conditions also suffice for 0(-) to satisfy (39). For Theorem 3 we now have the following:
Proof: By Eqs. (37b) and (38), we see that
;4>(~J:IAIIZdU), (40) where the final inequality follows from Jensen's inequality-" for the convex function ¢(.) and V denotes the volume of Q.
Next, note that for any positive number N 1: 
APPENDIX
For completeness we include here the following two useful lemmas. The first consists of some simple and well-known observations about convex functions; the second concerns the behavior at infinity enforced on any non-negative function E(t) satisfying a rather simple and common differential inequality. 
Then, E(t)-O as t--C)).
Proof: Since (d/dt)E(t) .s -fIE(t)]
-s 0, the non-negative function E(t) is monotone nonincreasing and possesses a limit as t -«>.
Furthermore, it is thus clear that if E(t i) = 0 for any finite tt, then E(·) will vanish for all later times and the lemma holds trivially. We thus suppose that E (t) > 0 for all r e ]0, 00) and therefore our differential inequality takes the form 
(d/dt)E(t)
<
